In this paper we investigate the stability of reflection positivity of Euclidean Green functions with respect to small perturbations about the free Euclidean Green functions. We show that a four-point Euclidean Green function generated from a free two-point Green function by solving the inhomogeneous Bethe-Salpeter equation can fail to satisfy reflection positivity for arbitrarily small Euclidean-covariant Bethe-Salpeter kernels. In the Euclidean formulation of quantum field theory reflection positivity is used to define the physical Hilbert space norm directly in terms of the Euclidean Green functions. Positivity of the Hilbert-space norm is a fundamental requirement of a quantum theory.
Introduction
The Bethe-Salpeter equation is used to model few-body reactions at energy and momentum scales where Poincaré invariance is an important symmetry. While the exact Bethe-Salpeter equation is derivable from an underlying relativistic quantum (field) theory, necessary conditions for a model Bethe-Salpeter equation to be derivable from an underlying relativistic quantum theory have not been explored. In this paper we investigate the stability of the sign of the Hilbert-space norm with respect to variations in the Bethe-Salpeter kernel. Our results indicate a surprising absence of stability in model Bethe-Salpeter equations that use free two-point Green functions in their driving terms. In this paper we prove this result and discuss its implications.
In 1958 Schwinger [1] used the spectral condition of the physical intermediate states and Poincaré covariance to show that the n-point Minkowski Green functions of a quantum field theory G n (x 1 , · · · , x n ) := 0|T (φ 1 (x 1 ) · · · φ n (x n ))|0 (1) can be analytically continued to imaginary times:
where
This analytic continuation is defined for non-coincident times. The existence of this analytic continuation is based on a generalization [2] of the theorem that f (E)e −iE(t−t ) dE can be analytically continued to the lower-half (t − t )-plane if f (E) is a tempered distribution with support for positive energies, E.
In this paper we assume that the Minkowski Green functions are tempered distributions. The Fourier representation of G n (x 1 , · · · , x n ) can be used to extend the analytic continuation to complex (x i − x i+1 ) with the imaginary part of −(x i − x i+1 ) in the open future-pointing light cone V + and the real part unrestricted. In principle there are n! analytic functions associated with the n! possible initial time orderings. In local field theories these analytic functions are related by locality.
The domain of analyticity, where the relative space-time coordinates are in x i − x i+1 ∈ R 4 − iV + , is called the tube. If the Minkowski Green functions transform covariantly with respect to a finite dimensional representation of the Lorentz group then covariance can be used to extend the domain of analyticity from the tube to the domain generated from the tube by complex Lorentz transformations, called the extended tube [2] . The identity of the complex Lorentz group with complex O(4) leads to Euclidean Green functions, called Schwinger functions, that are covariant with respect to the complex Euclidean group in four dimensions. Restricting the complex O(4) covariance to real O(4) covariance establishes Euclidean covariance of the resulting Schwinger functions. This relation is discussed in the appendix.
The advantage of working with the Schwinger functions is that they can be used to directly formulate the underlying quantum theory. In 1973 Osterwalder and Schrader [3] [4] [5] identified properties of Schwinger functions that are sufficient to reconstruct the underlying relativistic quantum field theory. They exploited the relation between the Schwinger functions and the Wightman functions
which are the boundary values of the analytic continuation:
There are n! Wightman functions depending on the ordering of the n fields; the ordering on the Euclidean times in the limit (5) selects the Wightman function with fields ordered in the same order as the Euclidean times. In this limit there are no restrictions on the Minkowski times in the resulting Wightman function.
The other n! − 1 Wightman functions are selected by taking the limit of the Schwinger function with different orderings on the Euclidean times. The Wightman functions are vacuum expectation values of products of fields. They are important for understanding the quantum interpretation of the field theory because they define the kernel of the field-theory Hilbert-space inner product. This is seen by computing the scalar product of two states of the form
and
The requirement that f |g is the scalar product of a relativistic quantum field theory constrains the distributions W m,n . These constraints were identified by Wightman and are a subset of the Wightman axioms [2] . Knowledge of all of the Wightman functions can be used to reconstruct the field theory. For the case of a free scalar field the Fourier transform of the two-point Wightman function is proportional to δ
, which is the familiar kernel of the scalar product of a free relativistic particle of mass m. The OsterwalderSchrader axioms [3] [4] [5] are a reformulation of the Wightman axioms [2] directly in terms of the Schwinger functions.
The structure of the Hilbert space scalar product in (8) is not limited to relativistic quantum field theory; it is the general form of the Hilbert-space scalar product in any relativistic quantum theory where the Poincaré group is implemented by manifest covariance [6] (here it is important to distinguish between the Poincaré and Lorentz groups). In the relativistic quantum mechanics case the axioms are not as restrictive, so the distributions W m,n only have to satisfy a subset of the Wightman axioms. In [3] Osterwalder and Schrader identified a subset of the Wightman axioms and an equivalent subset of the OsterwalderSchrader axioms needed to reconstruct a relativistic quantum theory.
While it is possible to compute individual cross sections and binding energies directly from the Minkowski Green functions, the ability to compute specific experimental quantities only constrains the underlying theory. The existence of an underlying quantum theory is a stronger condition. It provides the additional structure needed to relate specific few-body calculations to a many-body theory, and provides a complete and consistent probabilistic interpretation of all theoretical predictions. This paper is concerned with a relativistic quantum theory which is not necessarily a quantum field theory. The formal starting point is models of Minkowski Green functions. The absence of a direct means to reconstruct the Hilbert-space representation of the quantum field theory from the Minkowski Green functions makes it difficult to identify essential properties of model Minkowski Green functions. However, the general properties of the exact Green functions that follow from Poincaré covariance and the existence of complete sets of positive-energy intermediate states are assumed in the derivations of the formulas used to extract matrix elements of operators [7] [8] and cross sections [9] [10] from model Green functions.
Our working assumption in this paper is that the Minkowski Green functions and Schwinger functions are related by the analytic continuation (2) . When the Minkowski Green function is a model Green function the corresponding Euclidean Green function will be called a quasi-Schwinger function. This assumption provides the justification for using the quasi-Schwinger functions.
In what follows, we define an acceptable model Minkowski Green function as a tempered distribution that admits an analytic continuation of the form (2) to a Euclidean covariant quasi-Schwinger function, and that the resulting quasiSchwinger function has the same relation to the underlying quantum theory as the Schwinger function of a quantum field theory.
The goal of this paper is to determine if the quasi-Schwinger functions that are defined by the analytic continuation (2) of acceptable model Minkowski Green functions satisfy the subset of axioms necessary to construct an underlying relativistic quantum theory.
The two essential properties of the quasi-Schwinger functions needed to construct a relativistic quantum theory are
• Euclidean covariance
• Reflection positivity.
Reflection positivity defines the inner product of the physical Hilbert-space directly in terms of the quasi-Schwinger functions; it is also used to prove the spectral condition. Euclidean covariance is used to construct a dynamical unitary representation of the Poincaré group on the physical Hilbert space. The construction of the quantum theory based on a collection of Euclidean-covariant, reflection-positive Schwinger functions will be outlined in section two. We call this Euclidean relativistic quantum mechanics. In section three we illustrate how Euclidean covariance and reflection positivity lead to the standard well-known descriptions of a free relativistic particle. This paper only considers properties of two-and four-point functions. Reflection positivity imposes conditions on the two and four-point function for them to be part of a system of Schwinger functions that define the Hilbertspace scalar product of a relativistic quantum theory. These condition must hold, irrespective of any properties of the other k-point Schwinger functions.
The cluster property implies that the four-point Schwinger function has the form S = S 0 + S t (10) where S 0 is a sum of products of two-point Schwinger functions and S t is the truncated four-point Schwinger function. When the truncated four-point function does not vanish, the four-point Schwinger function is generated by solving the inhomogeneous Euclidean Bethe-Salpeter equation
given a Bethe-Salpeter kernel K. In equation (11) the four-point functions S and S 0 are interpreted as kernels of integral operators on the space of functions of two Euclidean four-vector variables. The solution of equation (11) is Euclidean covariant provided both S 0 and K are Euclidean covariant. In quantum field theory S, K, and S 0 only known formally. The BetheSalpeter equation is a constraint that relates these three quantities. In order to make this into a solvable equation two modifications are normally made. First, S 0 is replaced by the S 0 of a free field theory. The virtue of this "approximation" is that the resulting S 0 is known. Second, the Bethe-Salpeter kernel K is modeled, using either perturbative methods or theoretically and/or experimentally motivated phenomenological methods.
In this paper we examine the following stability question. Let K be a sufficiently small, Euclidean covariant, model Bethe-Salpeter kernel and let S 0 be the Schwinger function of an underlying relativistic quantum theory. Is the solution, S, of the Euclidean Bethe-Salpeter equation (11) the S of a relativistic quantum theory? In the absence of such a stability, arbitrarily small uncertainties in the model Bethe-Salpeter Kernel could lead to a theory that is no longer a relativistic quantum theory. In this paper we show that for the special case that S 0 is the Schwinger function of a free field theory that S can fail to satisfy the constraints imposed by reflection positivity for arbitrarily small Euclidean-covariant kernels K. While this result does not apply to the exact Bethe-Salpeter equation, where S 0 is not the free S 0 , many applications of the Bethe-Salpeter equation "approximate" S 0 by the free S 0 .
The absence of stability in the Euclidean Bethe-Salpeter equation also impacts the Minkowski formulation of the Bethe-Salpeter equation. While a small Euclidean Bethe-Salpeter kernel does not necessarily continue to a small Minkowski kernel, if λK is a Euclidean kernel that leads to violation of reflection positivity for arbitrarily small λ and the corresponding Minkowski kernel K m is bounded, then by choosing λ small enough it is possible to find arbitrarily small Minkowski kernels that lead also to an instability. In both cases the nature of the instability is that the underlying quantum theory has vectors with negative (norm)
2 . In the next section we define reflection positivity and review how it is used to construct the physical Hilbert space of the theory and the relativistic quantum dynamics. We identify necessary conditions for reflection positivity that we use to study four-point Schwinger functions in section four. The construction of a free-particle dynamics is illustrated in section three. In section four we show that the necessary conditions for reflection positivity, which are derived in section two, can be violated for arbitrarily small Bethe-Salpeter kernels when S 0 is the S 0 of a free-field theory. The implications of this result are discussed in section five.
Euclidean Relativistic Quantum Mechanics
In this section we give a short description of Euclidean relativistic quantum theory. We review how a collection of Euclidean-invariant reflection-positive Schwinger functions are used to construct the physical Hilbert space and the dynamical unitary representation of the Poincaré group of a relativistic quantum theory. Mathematical treatments of this construction can be found in [3] [5][4] [11] . Self-adjointness of the boost generators can be established using the methods discussed in [12] [13] [14] .
For the purpose of illustration we consider the case of Schwinger functions for a scalar field. We discuss the spin 1/2 case in the section three.
A relativistic quantum theory is defined by a unitary representation of the Poincaré group [15] acting on the physical Hilbert space with four-momentum generators that have a spectrum in the future-pointing light cone.
The physical Hilbert space of Euclidean relativistic quantum mechanics is defined by constructing an inner product on a nice set of vectors; limits are used to complete the Hilbert space. The initial space of nice vectors is constructed using Schwartz test functions [16] of Euclidean space-time variables; harmonic oscillator wave functions are a familiar basis for the space of Schwartz test functions [17] .
Let S be the space of finite sequences of Schwartz test functions in different numbers of Euclidean space-time variables:
is a Schwartz function in l Euclidean space-time variables. These functions are the Euclidean replacements for the functions f and g that appear in the Minkowski scalar product (8) .
To construct the physical Hilbert space Osterwalder and Schrader [3] introduce the subspace S > of S, where each of the functions f l has support for an ordered set of positive Euclidean times,
The space S > is natural for two reasons. First, each Euclidean time-ordering defines a scalar product that is equal to the corresponding Minkowski scalar product defined in terms of the quasi-Wightman function with the fields ordered in the same order as the Euclidean times. Second, the ordering has a well-defined Minkowski limit if the quasi-Wightman functions are consistent with requirements imposed by the spectral condition.
Define the Euclidean time-reversal operator Θ by first defining Euclidean time-reversal on each space-time coordinate, θ(x 0 , x) := (−x 0 , x). The operator Θ defined on S is given by
Given a collection of Euclidean-covariant Schwinger functions
which are tempered distributions, and test functions f, g ∈ S > , Osterwalder and Schrader define the quadratic form
(15) The support conditions on the functions f and g select the part of the Schwinger function that has a given Wightman function as the boundary value of an analytic function.
The functions f ∈ S > can be decomposed into disjoint equivalence classes with respect to the equivalence relation f ∼ g if and only if
The equivalence class containing f ∈ S > is denoted by [f ] ∼ . The equivalence class containing zero is denoted by [0] ∼ . The equivalence relation is S dependent. The sesquilinear form (15) is well-defined on equivalence classes:
where f and g are any representatives of [f ] ∼ and [g] ∼ respectively. Reflection positivity is the condition that
and vanishes only for
A dense set of vectors in the physical Hilbert space is the space of equivalence classes of functions [f ] ∼ ∈ S > . The physical Hilbert-space inner product of two vectors is given by (17) , where the inner product can be evaluated using any
The physical Hilbert space is obtained by completing the space of equivalence classes in the norm defined by (18) .
This defines the physical Hilbert space directly in terms of the Schwinger functions. Reflection positivity is equivalent to the statement that vectors in the physical Hilbert space have positive length.
The involution, Θ, on the Euclidean space serves as a "conjugation operator". We will show how this "conjugation" converts a subgroup of the complex Euclidean group into a unitary representation of the Poincaré group.
A necessary condition for reflection positivity is that it holds on subspaces of S > . This ensures that vectors restricted to subspaces also have positive length. The subspaces of most relevance to the Bethe-Salpeter equation are subspaces generated by equivalence classes containing positive-time functions of one or two Euclidean space-time variables. Reflection positivity implies the following constraints on the two-and four-point Schwinger functions
The equivalence classes [f 1 ] ∼ and [f 2 ] ∼ may contain sequences of functions of additional space-time variables; however all vectors in these subspaces have representative functions with one or two variables. The relevant observation is that the two-and four-point Schwinger functions must define a positive scalar product on the subspaces defined above. We test these conditions in section 4.
To complete the construction of a relativistic quantum theory we need to construct a unitary representation of the Poincaré group on the physical Hilbert space.
The Poincaré group is a subgroup of the complex Poincaré group, which also contains the real orthogonal group in four space-time dimensions. The infinitesimal generators of Euclidean transformations and Poincaré transformations are related by complex multiplication. Euclidean time-translations and rotations in Euclidean space-time planes correspond to Poincaré time translations with imaginary times, and rotationless Lorentz boosts with imaginary rapidity respectively. While these finite transformations are unitary with respect to a Euclidean scalar product, they are Hermitian with respect to the physical scalar product (17) . This is the reason that the Θ appears in the definition of the physical scalar product. The identity of the complex Lorentz group and complex O(4) is discussed in the appendix.
The infinitesimal forms of spatial translation, rotations, Euclidean time translations, and Euclidean space-time rotations are used to identify the infinitesimal generators of the Poincaré group. The operators H, P , J and B satisfy the commutation relations of the Poincaré Lie algebra:
Elementary computations show that these operators are Hermitian with respect to the physical scalar product. The Poincaré commutations relations imply that these operators are the Hamiltonian, linear momentum operators, the angular momentum operators, and the rotationless Lorentz-boost generators. For both H and B the Hermiticity follows because Θ changes the sign of the Euclidean time.
When the quasi-Schwinger functions are covariant, rather than invariant, and the discrete "field" indices transform with respect to a finite-dimensional irreducible representation D (A, B) of SL(2, C) × SL(2, C) then the expression for the rotation and Lorentz boost generators need to be modified
+ Σ (25)
where the derivatives are evaluated at θ = ρ = 0. We have glossed over two technical points. First, the Euclidean time translations and Euclidean space-time rotations that were used to construct H and B do not map S > to S > . For the time translations this is addressed by considering only future pointing Euclidean time translations, which do map S > to S > . Reflection positivity can be used to show that this defines a contractive Hermitian semigroup. Stone's theorem for contractive Hermitian semigroups [18] guarantees that H is a self-adjoint operator on the physical Hilbert space. The contractive nature of the semigroup also implies that the Hamiltonian satisfies the spectral condition. For the Lorentz transformations this is addressed by restricting the domain of the transformations to successively larger positive-time convex cones, ∆x 0 ∆| x| < tan(φ), in S > ≥ 0 that map into S > for rotations through sufficiently small angles, φ , φ + φ < π/2. Self-adjointness of the generators on the physical Hilbert space is established by showing that these restricted transformations are symmetric local semigroups [12] [13] [14] , which necessarily have self-adjoint generators.
The second technicality is that it is necessary to establish that the formal operators are well defined on the equivalence classes that define Hilbert space The result of this construction is a physical Hilbert space and a set of ten selfadjoint operators that satisfy the Poincaré commutation relations. This shows how a collection of Euclidean-covariant, reflection-positive model Schwinger functions can be used to directly define a relativistic quantum dynamics satisfying the spectral condition. Note that all of the computations were performed using only Euclidean space-time variables.
Particle exchange symmetry and microscopic locality put additional constraints on quasi-Schwinger functions, but these additional constraints do not impact our stability analysis.
One-Particle Systems:
Since this Euclidean formulation of the relativistic quantum theory is abstract and possibly unfamiliar, in this section we show how it leads to familiar results for the case of a free particle of mass m.
The two-point Schwinger function for a free field of mass m is
We first demonstrate that S 2 (x − y) is reflection positive [19] . Let f (x) be any positive-time function of one Euclidean space-time variable. Reflection positivity requires (18) 
for all f (x) with positive Euclidean time support. To demonstrate the inequality (31) note
The p 0 integral is computed using the residue theorem. The positivity of the Euclidean times means that the contour in the p 0 integral should be closed in the lower half p 0 -plane. The result of the contour integral is
This is the standard Lorentz invariant scalar product for a particle of mass m, with momentum space wave function g( p). 
These are the familiar forms of the single particle Poincaré generators in the representation with the scalar product (34). Similar results can be obtained for the case of spin 1/2 particles. For spin 1/2 particles the Euclidean two-point Green function is
In this case, because the Minkowski Green function is normally defined with a Dirac conjugate field rather than a Hilbert space adjoint, the γ 0 needs to be eliminated from S 2 to get the continuation to the Wightman function that serves as the kernel of the Hilbert space scalar product. This can be achieved by introducing γ 0 as the spinor part of the Θ operator:
is the positive energy Dirac projector and
as before, except in this case f (x) is a four-component covariant wave function. Note that
is a Hermitian matrix with
where u m ( p) a Dirac u-spinor. The function χ(p) is a 2 × 4 matrix that satisfies the intertwining relation
where R w (Λ, p) is a Wigner rotation. This matrix intertwines Dirac spinor representations of the Lorentz group with positive-mass positive-energy irreducible representation of the Poincare group. If we define
the scalar product
has the standard form of a mass m, spin 1/2 irreducible representation of the Poincaré group. Note that two component spinors characteristic of spin 1/2 positive mass irreducible representations of the Poincaré group arise from the factorization (45). The intertwining relations (47) imply that when the generators (21-24) are transformed to act on the Poincaré irreducible wave functions ψ(p) that the generators take on the standard forms
where j is the canonical spin operator that acts on the two-dimensional range of χ
where Σ is defined by (27). This shows how the abstract Euclidean formulation of the relativistic quantum dynamics associated with a set of Schwinger functions given in section two leads to the standard Minkowski description of the dynamics of a single particle in terms of irreducible representations of the Poincaré group.
Since the many-point Schwinger functions for a system of free particles are made up out of sums of tensor products of two-point functions, this result implies reflection positivity for the full set of free-particle Schwinger functions.
Stability
In this section we investigate the stability of reflection positivity. This is the main result in this paper. Our analysis is limited to the necessary conditions for reflection positivity given by equations (19) and (20) .
To gain some insight into the problem we first consider a 2 × 2 matrix model. We use this model to check stability of reflection positivity in the simplest possible case.
The problem is to consider a model of the inhomogeneous Euclidean BetheSalpeter equation
where S 0 is positive and reflection positive. Note that while the positivity of S is not required, for Schwinger functions of scalar fields it is used to derive bounds needed to prove spectral condition [19] . What are the restrictions on K that preserve these properties?
To motivate the matrix model consider the quadratic form (f, ΘSf ) and model f by a constant times a delta function at some x 0 with positive time. We also consider the time reflected point x 0 = θx 0 . We treat f as a column vector with the upper component corresponding to the value of f at x 0 and the lower component corresponding to the value f at the Euclidean time-reversed point θx 0 .
In this model we define
The quadratic form becomes
(56) where (f, 0) represents a row vector. In this case reflection positivity on this one-dimensional subspace, analogous to (19), requires that s( 0, −2t) > 0.
We write this in a more abstract form by defining
In this notation reflection positivity means which means that the matrix S 0 must have positive elements with the diagonal ones being larger than the off-diagonal ones. This condition must hold for any 2 × 2 sub-matrix associated with times ±t. For larger matrices it is only a necessary condition; however this suggest that in the general case there is a growth condition limiting the size of off diagonal elements relative to diagonal elements. The next step is to add a perturbation using a kernel K. In this case we model the Bethe-Salpeter kernel K by an Euclidean invariant 2 × 2 Hermitian matrix. If
Hermiticity and Euclidean invariance require that K is real, and k 11 = k 22 and k 12 = k 21 . This means that "kernels" K can be parameterized by vector in the two-dimensional (k 11 , k 12 (62) This equation can be solved for S and the conditions for positivity and reflection positivity are found to be:
The important property of these inequalities is that they define a region that contains an open set containing the origin in the (k 11 , k 12 ) plane. This means that reflection positivity is preserved in this model for sufficiently small BetheSalpeter kernels. In this trivial model the reflection positivity condition is stable with respect to small variations about the unperturbed system. This simple construction provides clues about the key elements of a general stability construction. The next step is to consider the actual inhomogeneous Euclidean BetheSalpeter equation. Abstractly we still have the operators Π > , Θ, S 0 , S, and K. Euclidean covariance requires
For discussing stability it is useful to write S in the solved form
where the Bethe-Salpeter T -operator is related to the Bethe-Salpeter kernel by the equation
If f ∈ S > is a function of two Euclidean space-time variables then the (norm) 2 of the vector [f ] ∼ in the interacting theory is given by
This can be written in the form
where we have used the Euclidean invariance of S 0 . Equation (19) requires that this form is non-negative if it is interpreted as the norm of a vector in an underlying quantum theory.
then the surviving contribution to equation (69) is
Let
Note that χ is not an element of S > . Since the free S 0 is invertible on the full Euclidean space, χ is not zero. An arbitrarily small ΘT with Euclidean covariant T can be chosen to have non-zero matrix elements on the subspace spanned by the χ's. This quantity must be non-negative for this to represent the the square of the Hilbert-space norm in the interacting theory. Thus, we are concerned with the stability of the sign of (74) for sufficiently small T . If this expression is negative we get a violation of the necessary condition (19) for reflection positivity; if it is positive, then T → −T gives a negative result, independent of the size of the perturbation T . Note that T → −T is equivalent to K → K − where K − is the solution to the integral equation
This will be small if K is small. This implies that if Π > ΘS 0 Π > has a non-trivial null space on the range of Π > , then reflection positivity is not stable with respect to small perturbations in T or K. This is the stability problem that is the key cause for concern in this paper. The reason that the problem did not appear in the 2×2 matrix model is because the "unperturbed model" was implicitly constructed to have no null space.
Next we show that if S 0 is the Schwinger function of a free field theory the null equivalence class of S 0 , [0] ∼ , contains an infinite number of functions.
We also show that if S 0 is built up out of two-point functions with Källen-Lehmann weight having a non-trivial absolutely continuous spectrum, then the null equivalence class associated with the two-point Schwinger function only contains the 0 function.
The general form of the two-point Schwinger function for a scalar field theory is given by its Källen-Lehmann representation
A function f (x, t) with positive-time support is in the null space of ΘS 0 on the range of Π > if and only if (f, ΘS 0 f ) = 0.
To see what this means note that
(78) Direct calculation of this gives
This will vanish if and only if
for all values of p and all m in the spectrum of the Källen-Lehmann weight, ρ(m), of the two-point function. A necessary and sufficient condition for f to represent a null vector is
for all p and all m in the spectrum of the Källen-Lehmann weight. We first consider the free field case where there is only a single mass (ρ(m) = δ(m − m 0 )). We show by construction that it is easy to construct a large class of functionsf ( 
letg( p)e bωm(p) be a Schwartz function of p and let On the other hand it is clear that for g = Θf
so for any null f there are functions g with no support restrictions such that
If there are exchange contributions to the Green functions, we have
It follows that if S 0 is the S 0 of a free field that Π > ΘS 0 Π > has a non-trivial null space on the range of Π > .
The analysis above also applies to the spin 1/2 case because the t dependence in (82) and (44) is identical.
This shows that solutions of the Euclidean Bethe-Salpeter equation formulated with a free S 0 are not reflection-positivity stable with respect to small perturbations. This means one can alway find arbitrarily small Bethe-Salpeter kernels that make
Since the two-point functions that appear in the exact Bethe-Salpeter equation of a local field theory are not generally sums of products of free Schwinger functions, it is worth investigating if these functions have a non-trivial null space. We restrict our considerations to the two-point functions.
To gain some insight into this condition change variables ω m ( p)t → λ to get the equivalent condition for a null vector:
for all p and m. We can expand
where L k are Laguerre polynomials and
Since the L 0 (λ) = 1 it follows that
wheref
The null condition requires that the coefficient 
Conclusion
In this paper we proved that the solution of the Euclidean Bethe-Salpeter equation
with S 0 a free field Schwinger function can violate reflection positivity for arbitrarily small Euclidean covariant kernels K. When reflection positivity is violated, the standard axiomatic construction of the physical Hilbert space leads to a pathological inner product with negative (norm) 2 vectors, making it impossible to give the theory a quantum mechanical interpretation.
The basis of the instability is simple to understand. In quantum field theory the quantum mechanical scalar product can be expressed directly in terms of the Schwinger functions as
The Schwinger function can be expressed using a cluster expansion as the sum of a linked term and unlinked term
where T is Euclidean covariant. The Euclidean Bethe-Salpeter equation generates the linked terms in terms of the Bethe-Salpeter kernel, K. If a test function f in the range of Π > satisfies (Π > f, ΘS 0 Π > f ) = 0 then the expression for the square of the norm of the corresponding vector is
If we pick an arbitrary Euclidean covariant T satisfying T e < that makes the above expression non-zero, then either the (norm) 2 is negative or it can be made negative by changing the sign of T . In either case we end up with an instability for an arbitrarily small perturbation T . Similar remarks apply to the kernel K. The existence of the instability depends on the existence of functions of Euclidean space-time variables with Euclidean-time support in the range of Π > that satisfy (f, ΘS 0 f ) = 0. We exhibited a large class of these functions for the case that S 0 is the S 0 of a free field theory. Conversely, we argued that there are no such functions when the Lehmann weight of the two-point function includes a continuous mass spectrum. This suggest that the instability only impacts model Bethe-Salpeter equations where the driving term is replaced by the free S 0
The problems with the sign of the Hilbert space norm are unrelated to sign problems that sometimes occur with the normalization of Bethe-Salpeter amplitudes [20] . The signs associated with the Bethe-Salpeter normalization condition are directly related to the normalization of the Green function, however they say nothing about the underlying Hilbert space of theory.
Negative norms can appear in gauge theories. In the case of gauge theories negative norms arise because the space generated by applying polynomials of the field operators to the vacuum includes unphysical degrees of freedom. The problem identified in this paper occurs in models of theories where polynomials in the fields applied to the vacuum only generate physical states. Thus the negative norms identified in this paper are associated with vectors that should represent physical states. An investigation of the analogous stability question in a gauge theory is beyond the scope of this paper.
The analysis contained in this paper is based on the assumption that the quasi-Schwinger functions are related to model Minkowski Green function by the analytic continuation (2). This assumption is not a necessary condition to construct a relativistic quantum theory from a set of quasi-Schwinger functions, however if this condition is relaxed, one looses the relation between the Minkowski and Euclidean Green functions and the proof of cluster properties becomes non-trivial. These are precisely the kinds of complications that one might hope to avoid by using a Euclidean formulation of relativistic quantum mechanics.
Another question is whether the constraint of Euclidean covariance is the appropriate minimal constraint on the model Bethe-Salpeter kernels. We were unable to identify other generic constraints that come from the structure local quantum field that might prevent the instability.
Our interest in this instability arose from attempts to construct a robust class of relativistic quantum models based on solutions of a Euclidean Bethe-Salpeter equation with the driving term being the S 0 of a free field theory. One goal was to identify a class of model Euclidean-Bethe Salpeter kernels, for example small, Euclidean covariant separable kernels, that could be used to construct relativistic quantum models, under the assumption that the resulting model quasi-Schwinger functions have the same relation to the underlying quantum theory as the exact Schwinger functions. The identification of the instability in this paper shows that this problem has no solution if the kernels are allowed to be arbitrary Euclidean covariant kernels with sufficiently small Euclidean norms.
This work suggests that an interesting problem is to investigate the more realistic case, where the weight of the Källen-Lehmann representation of the twopoint function has a non-empty absolutely continuous spectrum. The analysis of the matrix model suggests that it might be possible to find bounds on the kernel expressed in terms of S 0 that might lead to stability. This investigation is beyond the scope of the present paper. 
